By using fixed point results on cones, we study the existence of solutions for the singular nonlinear fractional boundary value problem
Introduction
Fractional differential equations (see, for example, [-] and references therein) started to play an important role in several branches of science and engineering. There are some works about existence of solutions for the nonlinear mixed problems of singular fractional boundary value problem (see, for example, [-] and [] ). Also, there are different methods for solving distinct fractional differential equations (see, for example, [-] and [] ). By using fixed point results on cones, we focus on the existence of positive solutions for a nonlinear mixed problem of singular fractional boundary value problem. For the convenience of the reader, we present some necessary definitions from fractional calculus theory (see, for example, [] ). The Caputo derivative of fractional order α for a function f : [, ∞) → R is defined by 
where n ≥  is an integer, α ∈ (n -, n),  < β < ,  < a < ,  < b < ( -β) and q > 
= . Since we suppose that problem ( * ) is singular, that is, f (t, x, y, z) may be singular at the value  of its space variables x, y, z, we use regularization and sequential techniques for the existence of positive solutions of the problem. In this way, for each natural number n define the function f n by 
Main results
Now, we are ready to investigate the problem in regular and singular cases. First, we give the following result.
is equivalent to the fractional integral equation u(t) =   G(t, s)y(s) ds, where
and the boundary conditions, we obtain
By properties of the Caputo derivative, we get
By using the boundary conditions u() = au() and
Thus,
This completes the proof.
. It is easy to check that the Green function G in the last result belongs to For each natural number n, define the operator Q n on P by
Now, we prove that Q n is a completely continuous operator (see [] ).
Lemma . The operator Q n is a completely continuous operator.
. By using the properties of fractional integral I α , it is easy to see that
Consequently, Q n maps P into P. In order to prove that Q n is a continuous operator, let x m be a convergent sequence in P and . Now, put
and ρ(t) = f n t, x(t), x (t), c D β x(t) .
Then, it is easy to see that lim m →∞ ρ m (t) = ρ(t) for almost all t ∈ [, ], and there exists and 
Theorem . For each natural number n, problem ( * ) has a solution u n
Proof Let n ≥ . It is sufficient to show that Q n has a fixed point u n in P with the desired conditions. In this way, note that
for all x ∈ P and t ∈ [, ], because w is non-decreasing in all its variables. Since
Then Q n x * < x * for all x ∈ P ∩ ∂  . By using last result, Q n has a fixed point u n in
We show that )) < v for all v ≥ L, and so u n * < L for all n. Thus, for almost all t ∈ [, ] and all n, we have f n (t, u n (t), u n (t), c D β u n (t)) ≤ R(t), where
